
 

 

AshEse Journal of Physical Science                                                                    
Vol. 1(3), pp. 22-32, August, 2015   
ISSN: 2059-7827 
© 2015 AshEse Visionary Limited   

 
 
 
 

 

Full Length Research 
 

A primer in computational science of Stochastic 
Mechanics at undergraduate level 
 
M.A. Tunes

1
*, T.R. Czank

2
, E.S. Goncalves

3
, L.F. Franceschetti

1
 and C.G. Schoen

1
 

 
1
Escola Politecnica da Universidade de São Paulo, Departamento de Engenharia Metalúrgica e de Materiais 

Av. Prof. Mello Moraes, 2463. Cid. Universitaria 05508-030 - SP/Brazil 
2
Instituto de Física da Universidade de São Paulo, Brazil, Laboratório de Instrumentação de Partículas (LIP), Brazil. 

3
Grupo de Fluidos Complexos (GFCx), Rua do Matão, Travessa R, 187. Cid. Universitaria 05314-970 - SP/Brazil. 

 
*Corresponding author. E-mail: mtunes@if.usp.br 
 

Received 24 June, 2015; Accepted 25 July, 2015 
 

For many years parametric experiments that help students to develop a better understanding about Physics theories have not 

been addressed in undergraduate courses in many fields, such as stochastic and statistical mechanics. In this work, a series of 

simulations in stochastic mechanics were carried out in the MATLAB environment to demonstrate the high value of 

computational science for students to explore fundamental aspects of dynamic systems. The basics of stochastic systems are 

discussed like the Langevin and Lenz-Ising models. The use of computational science in these courses should be stimulated due 

to the fact that in contemporary research in Physics, these parametric experiments are combined with theoretical approaches and 

real experiments to compose a new scientific methodology.  
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INTRODUCTION 

 

Nowadays the computational methods in stochastic mechanics 

have open ways for a better understanding about 

random/dynamic systems in many fields of knowledge. New 

algorithms have been proposed to explore many scientific and 

engineering problems. The Monte Carlo (MC) method is a 

numerical approach that uses random variables to solve a lot of 

problems that often appear in many fields of science. In this 

way, this method provides an effective approach to solve many 
differential equations using the probability density function’s 

theory, which sets the center of stochastic mechanics (Park and 

Noh, 2006). Generally speaking, many authors have said that 

MC method is a combination of number theory with numerical 

analysis (Fang et al., 1994) and represents the numerical 

solution of problems using a set of deterministic algorithms.  

There are a lot of applications of the statistical and stochastic 

mechanics formalisms in human sciences like population 

dynamics (Bains, 2000), which now is viewed as a complex 

system. In some attempts, scientists have used this approach to 

study the highly multiple interacting systems (Hamman, 1970) 
in ecosystems in the fields of biology and ecology. This sort of 

problems extends to the analysis of swarms spreading in human 

beings` communities (Bellomo and Soler, 2012) and even to 

promising studies regarding the behavior of immunological 

systems (Schaefer et al., 2009). Random systems and 

simulations with MC method are carried out following a 

straight procedure. Samples of a stochastic field are generated 

numerically in which a set of deterministic analysis can be 

performed in a wide number of physical systems. This 
stochastic field represents the “real physics” in a computational 

way: the equations are written with random variables in 

probability density functions (pdf’s) instead of analytical 

functions. So then the new equation in the stochastic space is 

solved with appropriate boundary conditions and numerical 

rules.  

Monte Carlo techniques have been employed in materials 

engineering very often. The most common application is in the 

understanding of physical phenomena, which take place in 

alloy formation. As an example some authors (Bichara and 

Inden, 1991) have used MC simulations to show that a 
particular   experimental   characteristic   of    the   FeAl   phase  
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diagram (the onset of a small two-phase region involving the 

ordered FeAl (B2) structure and the disordered BCC (A2) 
phase in a narrow temperature and composition range is a 

consequence of repulsive fifth neighbor pair interactions in the 

alloy. In the same line of investigation, scientists Ackermann et 

al. (1986) used MC simulations to clarify a particularity of the 

equilibria involving the ordered FCC super lattices, with 

implications for the  ’ and   equilibria in NiAl alloys. MC 

calculations are also used in the corroborating results from 

simulations using deterministic, more approximate, methods, 

which can be used for process control (Eleno et al., 2014). As 

an example Schön et al. (2001) compared MC simulations with 

cluster variation method (CVM) calculations confirming that a 
'hump' observed in the magnetic specific heat capacity of 

Gadolinium (Schön et al., 1996) is caused by pure statistical 

mechanics, and by consequence, thermodynamic effects. In the 

same sense Schön et al. (2004) employed MC calculations to 

corroborate CVM calculations of thermodynamic properties of 

ordered FeAl alloys (Schön and Inden, 1998), with both the 

stochastic (MC) and the deterministic (CVM) calculations 

showing excellent agreement with independent experimental 

measurement of aluminum activity in this system (Eldridge and 

Komarek, 1964). 

To perform these simulations the researcher or a student 
must choose an appropriate programming language, which 

provides support to random variables generation. Unlike other 

computing languages, the MATLAB does not compile its 

functions: it only interprets arrays in terms of constant inputs 

using all the processing power of parallel computing. When 

compared with Java and C that use a generic compiler for every 

different CPU (this decreases significantly the processing 

capacities), MATLAB is more suitable to develop scripts in 

physical models since it has an excellent ability to generate 

random variables.  

In this paper we demonstrated the possibility to simulate 

several systems in stochastic mechanics using MATLAB 
environment. Undergraduate students (in semester course in the 

field above) can easily perform these kinds of simulations: the 

profit is stupendous when we think in educational purposes. 

We are offering a primer in Monte Carlo simulations in 

statistical and stochastic mechanics using algorithms written in 

MATLAB. The MATLAB scripts that we written in this paper 

can be downloaded in this link: http://fmt.if.usp.br/~mtunes/st/. 

 

 

PARAMETRICAL EXPERIMENTS 
 
Four experiments were performed: Ising’s and Urn’s Models, 

Langevin’s equation and a short simulation to retrieve the 

number π with significant statistical accuracy. The focus wasn’t 

in algorithms properly, but in the physics thinking and 

stochastic modeling. We encourage that students do write their 

own codes. 

 
The number π 

 

We used a method of stochastic variables to calculate the value  

 

 

 

 

of the mathematical constant π. For this purpose, N-pairs of 

random variables       with               such that 

          
   . This procedure was accomplished defining 

two matrices   and   with N rows and a single column. In this 

way each array’s element is filled with a random values 

obeying the given condition. Then, elements of both matrices 

were computed simultaneously to determine the validity of the 

equation   
    

    , adding the value to M. Thus, a good 
estimated value for π is given by: 

 

π  
  

 
 (Eq. 1) 

 
Finally this process was repeated C times to determine the 

mean value π and the standard deviation σπ  of the calculations. 

A matrix z of C rows and one column was created to store the 

calculated mean values of π for each C. The mean was 

calculated summing all the elements zj of the matrix and divide 

the result by the matrix length. A several simulations were 

performed for different values of C and N. When N = 107, the 

calculation time was about half a second for each iteration, so 

that this value was adopted. So then, simulations were 

performed with C=50; 100 and 200. The accuracy was 

increased when 100 iterations were run with respect to 50, but 
there was no change between 100 and 200 iterations. The 

Figure 1 (left) shows the return map of the calculated points 

(representing the convergence of the values). It is observed that 

data is around an average value given by π = 3.14159(34) and 

Figure 1 (right) shows the histogram of values. The distribution 

has Gaussian symmetry as expected. 

 

 

Langevin equation 

 

Langevin’s equation is the description of a particle in a viscous 
fluid under the influence of a random force. To perform the 

numerical computation with MATLAB it was necessary to take 

the discrete form: 

 
  

  
          (Eq. 2) 

 

Where v is the particle velocity,   is the form factor of the fluid 

viscosity and  (t) is a random driving force function which is 

acting over the particle. This random force considered had the 

following properties: 

  

                    (Eq. 3) 

 

For Γ related to the intensity of the random driving force and δ 

is the Dirac function centered at t. To take the discrete form of 

Langevin’s we can use an inductive method to yield: 

  

                  Γ   (Eq. 4) 
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Figure 1. The return map (left) and the histogram (right) of several values of π from the Monte Carlo simulation. 

 

 

 
 

Figure 2. The histogram for velocities over 1E6 iterations (left) and the velocity trend (right). 

 

 

And ξl represents a uniform random variable associated with 

the force, τ is the time interval between each iteration, vl and 

vl+1 is the particle velocity before and after iteration. The 

random driving force in this form has the same properties as 

before, but now the mean of ξl is null. In fact now the (2.3) 

remains <ξlξl’>= δll’. 

In the parametrical experiment, the particle was initially l = 0  

considered as at rest, v0 and τ was fixed as 0.01, note that the 

smaller τ is the greater the number of iterations will be, and as 
a result the discrete Langevin’s equation will come closer to its 

continuous form. In addition the random variable ξl was built 

using a random number varying from 1 to 0 uniformly. 

However a set of random numbers between 0 and 1 does not 

have null average or unitary standard deviation. In order so 
solve this matter, the random number used had to be adapted 

as:  

 

                    (Eq. 5) 

 

Where rand(1) is the MATLAB function corresponding to 

generation of a random number between 0 to 1. This procedure 

expressed in (Eq. 2.5) is widely known in the statistical 

mechanics papers and the proof can be found in many books of 

this area. Using a one hundred thousand iterations, the average 

of xi was −7.2167 × 10-4 which is very close to zero, satisfying 

condition mentioned, and the standard deviation of random 

force ξl was 0.9993 which is very close to unity, obeying 

<ξlξl’>= δll’ condition. The Figure 2 shows the velocities 

histogram for the Langevin system (left) and the velocity trend 
per iteration. Following the Brownian motion analysis, we may 

see from the Figure 2 that the particle’s velocity is around zero: 

the random nature of the  particle  movement  inside  a  fluid  is  
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Figure 3. Behavior of the n number of balls on urn A (left).  Average number of balls on urn A per run (right).  

 

 

observed. 

 

 

Urns model 

 

The physics of stochastic processes is intended to study 

systems described by time-functions dependent on random 

variables. That said, any temporal evolution that can be 

analyzed in terms of probabilities is a stochastic process. In 
order to study such dynamics, this article suggests the usage of  

a model that describes random transfers of balls between two 

urns. Two different scenarios had been developed and a 

calculation model was written using MATLAB programming 

language. For the first one, the transfers between urns are 

completely random and per iteration, one of the urns always 

loses a ball, while the other always gains one. On the second 

scenario, this transfer has a condition imposed. Such condition 

relates a probability p and a random variable distributed 

between 0 and 1.  

The first problem has an initial condition where one urn has 
the totality of the balls, and they swap between urns randomly 

over time. Doing so, the average number of balls on each urn is 

expected to be 50% to 50%, since each transfer from one to 

another is equally probable.  

In order to quantify this random event, a MATLAB 

algorithm was structured as follows: the entries of an array x 

represent the balls. Each entry is filled with an integer i = 1 

(this represents that the ball on x(i) is at urn A) or i = −1 (the 

x(i) ball is at urn B). The random transfer from one urn to 

another is given randomly picking an element of x, changing its 

sign and adding one unit to the scalar that represents the 

number of balls on urn A (or B). The treatment for B is 
analogous. At the end of every loop, another array keeps the 

number of balls on urn A, giving at the end of every run an 

array with number of elements equal to the number of steps. 

With this memory regarding the number of balls on urn A, 

several statistical treatments are available. Defining a situation 

where N = 100 balls are initially on the urn A (therefore there 

is no ball on urn B) and begin to swap between urns during 100 

runs, each one of them involving 1000 steps, the behavior of 

the number of balls on the urn A(n) was calculated. The result 

can be seen on the Figure 3-left (the y axis contains the 

possible values for n and the x axis the number of times the 

program was executed). The Figure 3 (right) shows the average 

number of balls on urn A per run. As expected, the number 

slightly oscillates around 50. Another aspect of the study is that 

it was possible to get values of n (the number of balls on the 
urn A) for long periods of time. For this, it was considered one 

run of 1 million steps for the simulation. To exclude the 

transient part, the first 100,000 steps were not taken into 

account. The histogram on the Figures 4 and 5 shows the 

values of n under these conditions, obviously surrounding n=50 

in a Gaussian-like pattern. These two treatments conclude the 

first analysis of the urn’s model. On the second part of this 

study, a new condition was imposed. Starting from the premise 

that each of the urns has half of the total number of balls 

involved at t = 0, the following verification was made: if the 

randomly chosen ball belongs to an urn with n/2 balls or less, 
then the ball goes to the other one. Now, the x array that 

represents the balls has a more complex structure. To be 

defined, each element of the array is randomly picked and then 

it gets 1 or -1. At the end of the process, the array x as 50 

elements with i = 1 and 50 elements with i = −1 was randomly 

distributed between the 100 elements of x. Moving on with the 

algorithm, a new condition is tested as follows: 

  

1. Let it be ξ (s and t on the code) a random variable equally 

distributed on the range (0,1);  

2. If ξ < p, then one ball of the urn is transferred to the other 

one; and  
3. If xi ≥, the ball remains on the present urn. 

 

This new condition implies the appearance of a new 

distribution pattern maximum at n. These maxima are separated 

by a distance d = (1 − p)/(1 + p), so that for p = 1, only have 

one peak. This behavior can be seen on  the  histograms  on  the  
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Figure 4. Histogram of the number of balls on urn A after 1E6 steps. 

 

 

 
 

Figure 5. Balls on run A after 1E6 steps and varying the parameter p = 0.1; 0.3; 0.5 and 0.7. 
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Figure 6. Magnetizations histogram to T=1.5 and plot of changed sites after Metropolis algorithms. 

 
 

Figure 6, 7, 8 and 9 for p = 0.7; 0.5; 0.3 and 0.1.  
 

 

Lenz-Ising’s model 
 

The historical development of Lenz-Ising Model lies in many 

disciplines like Physics, Chemistry, Metallurgy, Mathematics 

and strong applications in biology (Matsuda, 1981). Certainly 

the most successful application of this model is related in 

solving the exact solution of two-dimensional problem of 

regular lattice arrangement of spins related to a ferromagnetic 

material (Bursh, 1967). Initially we assume a square lattice of 
certain ferromagnetic material such that all of atomic spins start 

with random values +1 (spin up) or −1 (spin down). A 

configuration of this lattice is N per N sites containing atoms 

with up or down values for spin, as aforementioned. After 

building up the lattice with spins filled, we apply the 

Metropolis-Hastings algorithm (Metropolis et al., 1953) to 

study the effect of spin change at certain temperature. In 

general lines, this algorithm can be used as follows: 

1. To each interval, we choose a random site (i, j) of square 

lattice; 

2. Then with this site, the next step is to calculate the energy 

difference ∆E (assuming Periodic Boundary Conditions PBC):  

   =                                       
          ; 
3. If       , we must change the signal of site σ(i, j); and 4. 

If       , compute    
  

  where T is temperature (treated 

as an input parameter of our code). After we generate a random 

variable ξ equally spaced between 0 to 1, we perform the test: 
If ξ ≥ 0, we change the signal of site σ(i,j); if ξ < 0, the site 

remains unchanged.  After each iterative process we determine 

the magnetization of our lattice by sum values of σ(i,j): 

  

          
     

 (Eq. 6) 

With these magnetizations we can build a histogram of m to 

analyze the behavior of lattice at temperature T. These kinds of  
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Figure 7. Magnetizations histogram to T=2.2 and plot of changed sites after Metropolis algorithms. 

 

 

simulations are widely performed (Tsai and Landau, 2008) by 

several scientists such as Binder (2001) and Landau (2008).  

 

RESULTS 

 

We write two codes: one to resolve the histogram of 

magnetizations with 100 × 100 sites input, an energy parameter 

J assumed equals 1, the temperature T ranging 1.5 to 3 and K 

number times to simulation performing and the other code to 

retrieve a figure to illustrate the lattice spin transformation. 

These figures show a plot of sites value in which the color blue 

represents −1 and red +1 for spin configuration after and before 

the tests. To retrieve information about susceptibility and 

magnetization as functions  of   temperature,   were   built   two  
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Figure 8. Magnetizations histogram to T=2.6 and plot of changed sites after Metropolis algorithms. 

 

 
 

graphs and for T=2.26 we can observe a criticality of the 

system. In figures we performed the simulation to 100×100 

sites. The ordering of spins starts with a notable peak after 

application of Metropolis algorithm at T=1.5. Then the 

program shows that with the increase of temperature of system, 

the spins    were   changed,    however,   the   ordering   remains  
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Figure 9. Magnetizations histogram to T=3.0 and plot of changed sites after Metropolis algorithms. 

 

 

 

random. An interesting case is at T=3.0: the histogram shows two peaks pattern that with increasing temperature becomes a  
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Figure 10. Magnetization as a function of temperature. 
 

 

 
 

Figure 11. Magnetic susceptibility as a function of temperature. 

 

 

Gaussian pattern. All these results are compatible with our 

theoretical expectations.  

 

CONCLUSIONS AND FURTHER DISCUSSIONS 

 

In this paper, we performed a series of simulations in stochastic 

mechanics using Monte Carlo and Metropolis algorithms in 

MATLAB environment.  First of all the π simulation can be 

performed by any undergraduate student that have basic 

knowledge from the beginning of the course, specifically in 

random variables. In this case, we used a very simple algorithm 

using the capacity of parallel computing powered by MAT-

LAB with a simple command matlabpool open that introduces 

our students to new computation techniques aiming at a 

professional future in the field. The Urns model represents a 
classic mathematical example that explores a simple 

phenomena of stochastic mechanics: an algorithm that execute 

a random test for the occurrence, in case, changing balls in 

urns. The MATLAB functions can manipulate several physical 

and mathematical parameters in very simple and graphical way, 

against other computing languages like C and Fortran in which 

it is very non-practical to use graphical interface with plots. 

The two other simulations are deeply connected with physical 

phenomena, acting as an introduction to applied research in 

computational physics: the Ising and Langevin models 

simulations need a deep  theoretical  background.  In  this  way,  



 

 

 

 

the simulations can help to understand the subject of these 

courses.  
MATLAB environment is much more intuitive for an 

undergraduate student to develop a primer in computational 

science related to several fields in Physics. In case, we show 

that the stochastic mechanics may be used as a subject in which 

third or forth year undergraduate students can learn this 

programming language and perform simulations in a very easy 

way parallel to classes along a semester. The code from the 

programs we made is available at our homepage group with 

copyleft licence. 
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